Ecological diversity is ubiquitous despite the restrictions imposed by competitive exclusion and apparent competition. To 12 explain the observed richness of species in a given habitat, food web theory has explored nonlinear functional responses, 13 self-interaction or spatial structure and dispersal -model ingredients that have proven to promote stability and diversity. 14 We here instead return to classical Lotka-Volterra equations, where species-species interaction is characterized by a 15 simple product and spatial restrictions are ignored. We quantify how this idealization imposes constraints on coexistence 16 and diversity for many species. To this end, we introduce the concept of free and controlled species and use this to 17 demonstrate how stable food webs can be constructed by sequential addition of species. When we augment the resulting 18 network by additional weak interactions we are able to show that it is possible to construct large food webs of arbitrary 19 connectivity. Our model thus serves as a formal starting point for the study of sustainable interaction patterns between 20 species. 21 Introduction 22 When interactions between species are random, stability of large complex ecosystems has been suggested to be compromised 23 [1] . On the other hand, when all interactions are absent, populations grow exponentially and diversity is suppressed since the 24 winner will "take all", i.e. the most-competitive species will take over all available resources. These considerations imply that 25 1 neither the presence of random interaction nor its complete absence can explain the observed diversity and apparent stability. It 26 may thus be non-random competition between species that is needed to explain the diversity of the living word. 27 One step towards better understanding of how interactions can stabilize ecosystems comes from the web formed by phage 28 and bacteria species in the ocean, where the dominance of the fastest growing bacteria species is reduced by phage predation 29 [2] . Using oceanic data [3, 4] we recently demonstrated that the species richness of bacteria is strongly correlated with similarly 30 high species richness of their phages, a feature we described as a "staircase of coexistence" [5] . This phenomenon of mutual 31 support of diversity reflects a generalized version of competitive exclusion [6] . Notably, the resulting ecosystem has non-random 32 interaction strengths, a manifestation of the principle of trade-offs [7, 8, 9] .
In the web formed by the interactions between consumers and resources in a habitat, energy flows from a physical or chemical 62 nutrient source up the food chain. The resulting structure is a food web which ties together the resources, their consumers and 63 subsequent consumers. Consider first a food web of L trophic levels (Fig. 1a) where each species can be assigned a sharp trophic 64 level l, i.e. any species exclusively consumes other species at a specific level. Such webs have recently been termed maxi-65 mally trophically coherent [21] . Using Lotka-Volterra-type formalism, with the implicit assumptions of a well-mixed ecosystem 66 governed by mass action kinetics, the energy flux passing through a species S (l) i at level l is [24, 25] 
Here and throughout the text use the symbol S as a general label for a given species, while S and Q refer to its time-dependent 68 and steady-state concentrations, respectively. When formulating the RHS of Eq. 1 in units of the carrying capacity for primary 69 producers (l=1), the flux
incorporates logistic growth at the basal level whereas
accounts for biomass conversion at higher levels l > 1. Here, S basal nutrient depletion strengths, which we subsequently will set equal to unity.
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In the above equations we use the rate α since their properties will be chosen as to allow for coexistence of the resulting food web.
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Conditions for stability -A sufficient criterion for dynamical stability is the existence of a Lyapunov function [24, 30] . Assume In analogy to Goh [30] , we define the function
with constants c (l) i . The time derivative of this function is
Inserting w 
Such c's can always be found if each species is only connected to the basal level by one path, as any c parameter then can be 125 chosen as a simple product of the β's present along the path to the basal level. In the more general case where some consumers feed on two prey species, the constraint will typically be violated, and if the product of β's along different paths differs by a large 127 factor the food-web might become unstable. In the case of omnivorous consumption such alternative weighted paths may even 128 cause chaos [31] . 129 Notably, Eq. 4 constrains β (l,l−1) ki and k (1) i , but is independent of the interaction strengths η (l,l−1) kl and decay rates α
Using Eq. 1 we find the steady state biomass concentrations of a free species at a trophic level l ≥ 2
where unnecessary subscripts were dropped for simplicity. Equation 5 expresses the biomass concentration of a free species in 161 terms of resources available to its prey (thus at level l − 1) minus resources that are consumed because its prey is exposed to 162 various other sources of death. This include both spontaneous death, as well as possible predation by other consumers, described 163 through the effective decay rate
The quantity α (l) ef f thus include intrinsic decay plus decay caused by all its consumers that are controlled from above, see Fig. 1c .
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Thus controlled consumers contribute to the effective decay rate of their resources, whereas species without controlled consumers 166 only are exposed to their own limitations. Notice that we persistently use the subscripts f and c to denote free and controlled 167 consumers of the corresponding species, whereas absence of subscript implies that this species may be of either of the two types.
168
Let us for example consider the simple case where S (l) is the biomass concentration of a top consumer that preys on a 169 resource S (l−1) . In that case Q (l+1) f = 0 and Eq. 5 simplifies to Q (l−1) = α (l) ef f /β. Thus, the biomass Q (l−1) is proportional to 170 the decay rate of its single free consumer including the loss to whatever that eats this consumer (Eq. 6). Because each species 171 can act as a resource for at most one free consumer (competitive exclusion), these other predators must all be controlled from 172 above.
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Equations 5 and 6 allow us to determine all steady-state populations in a tree-like food web. When Q (l−1) is free, an iterative 174 loop unfolds by Eq. 5, until a species with known density or controlled density is reached somewhere at a lower point in the 175 food-web. In some cases, this may demand continuation of the iterative loop (Eq. 5) until the basal level (l = 1) is reached.
176 Closure of the system using the nutrient source similarly involves the interplay between free and controlled species at the basal 177 level.
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As for the species, the nutrient source may be either free or controlled. For free nutrients ( Fig. 2a ), all basal species are 179 controlled and their densities Q (1) i are the (known) effective decay coefficients α (2) ef f,i,f of their respective free consumers Q (2) i,f .
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The steady-state equation for basal species (Eq. 1) for each Q (1) i gives the population densities of the free consumers of Q
where α (2) ef f,f ≡ j α (2) ef f,j,f is the sum of all effective decay rates of the controlling (free) consumers at level two.
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For controlled nutrients (Fig. 2b) , one basal species is a free consumer of nutrients. Its population density equals:
ef f,f /k . (9) free nutrients free controlled α (2) e ,f =Σ j α (2) e ,j,f α (1) e ,1 (2) e ,f =Σ j α (2) e ,j,f , α (1) e ,f Using either Eq. 7 or Eq. 9 in Eq. 5, the remaining free species densities can be determined.
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When Q (l−1) is controlled, Eq. 5 determines a species' population from its controlling consumers and their consumers further 185 up in the tree. At the same time, Q (l−1) is determined by the effective decay rate of the corresponding free speciesα Fig. 1d ). Since this determines Q prediction with β = 0.2 and α min = 0.01. c, empirical data from 7 different food webs, compiled by Dunne et al. [33, 34] . The original data are: Carpinteria Salt Marsh, Estero de Punta Banda, Bahia Falsa [35, 36] ; Flensburg Fjord [37] , Sylt Tidal Basin [38] ; Otago Harbor [39] ;
and Ythan Estuary [40] . The trophic level of a given species was determined as the average path length to the nutrient level when following predation links downwards towards the nutrient level. 
